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218 .4nalytical Investigation of  a Formula which shall express 

discovery of oxygen gas. This charge, often preferred and 
never answered, would not have been revived in this place, 
but for the claim so recently and indiscreetly advanced by M. 
Victor Cousin. To the eredit of Dr. Priestley it may be ob- 
served, that in asserting his own right, he exercised more 
forbearanee than could reasonably have been expected under 
such circumstances. In an unpublished letter to a fi'iend, he 
thus alludes to the subject of M. Lavoisier's plagiarism. 
~' He" (M. Lavoisier) " i s  an Intendant of  the Finances, and 
has much public business, but finds leisure for various philo- 
sophieal pursuits, for which he is exeeedingly well qualified. 
H e  ought to have acknowledged that my giving him an account 
of the air I had got from Mercurius Caleinatus, and buying a 
quantity of M. Cadet while I was at Paris, led him to try what 
air it yielded, which he did presently after I left. I have, 
however, barely hinted at this in my second volume*." The 
communication alluded to was made by Dr. Priestley to M. 
Lavoisier in October, 177¢; and the Memoir, in which the 
latter assumes to himself the discovery that mercurius calci- 
natus (red oxide of mercury) affords oxygen gas when distilled 
per se, was not read to the Academy of Sciences before April, 
1775+. In evincing so little irritability about his own claim, 
and leaving its vindication with calm and just eonfidenee to 
posterity, the English philosopher has lost nothing of the 
honour of that discovery which is now awarded to him by 
men of science of every country as solely and undividedly 
his own. 

XXVII I .  Analgtical Investigation of  a Formula which shall 
express the relative Importance of  a cerlain number of  the 
Boroughs in England and Wales. By A CORRESI"O~DE~'r. 

T H E  Reform Bill, now under discussion in the House of 
Commons, requires that a certain number of the smaller 

boroughs of England and Wales shall be arranged in the 
order of their importance, with respect to the number of houses 
they contain, and the amount of assessed taxes they paid in 
the year ending April 1831, jointly. 

The proposed arrangement presents no diffieulty, nor does 
it involve any political question by which men's minds may be 
biased; it is purely a matter of calculation, and yet different 

Letter to the late Mr. Henry, dated Calne, Dec, 31, 1775. 
See an Abstract of this Memoir in the Journal de Rozier, Mat, 1775. 
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the relative Im]Jortance of  a certain Number of  Boroughs. S19 

persons have proposed very different methods of accomplish- 
mg it. 

Lieutenant Drummond of the Royal Engineers, to whom 
the arrangement of the boroughs according to the proposed 
scale was entrusted, proceeded'according to the following pre- 
cepts: 

" I .  Take tile average number of houses contained in the 
boroughs to be arranged: divide the number of houses in 
each borough by this average number, and a series of numbers 
will be obtained denoting the relative importance of the difl~- 
rent boroughs with respect to houses. 

" I I .  Take the average amount of the assessed taxes paid by 
the same boroughs, and proceed precisely in the same manner 
as described with respect to the houses: a series of numbers 
will result, showing the relative importance of the different 
boroughs with regard to assessed taxes. 

" I lL  Add together the numbers in the two lists which relate 
to the same borough, and a series of numbers will be pro- 
duced denoting the relative im2ortance of the different boroughs 
with respect to houses and assessed taxes combined." 

These very simple precepts were objected to in the House 
of Commons as unnecessarily complex ; and it was affirmed 
that the scale might have been formed with the boroughs in 
the very same order, by simply taking the sum of dm numbers 
expressing the houses and taxes : probably this assertion was 
made without due consideration, for certainly the boroughs 
would not have been placed in the same order by this process 
as by Lieutenant Drummond's rules. 

The subject has also been handled in the newspapers; and 
in one it has been proposed to construct the scale of disfran- 
chisement by taking a geometrical mean between the number 
of houses and assessed taxes of each borough. The author of 
this rule, said to be a scientific friend of the editor of the news- 
paper, affirms this to be " b y  far the most simple and accurate 
way of proceeding." 

It could hardly have been expected that there would be such 
a difference of opinion on so simple a question. The subject 
is by no means difficult ; truth is but a little way below the 
surface. Since, however, the matter to which it relates is of 
the highest importance, it is most desirable to place it beyond 
further controversy, by discussing it on principles strictly ma- 
thematical. 

But before the subject can be brought within the power of 
mathematical investigation, the things to be considered must 
be invested with the properties of mathematical quantity. This 
may be done by the following principles : m  

2 F ~o 1. Boroughs 
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~20 Analytical Investigation o f  a Formula which shall ex2~ress 

1. Boroughs composed of the same number of houses, and 
paying the same sum in taxes, must be considered as equal in 
importance. 

~. I f  one borough contain double the nmnber of houses in 
another borough, and pay twice as much in taxes, the import- 
ante of the former must be reckoned double that of the latter. 
And, in general, if  the number of houses in one borough be 
any multiple of the number of houses in another borough, and 
the taxes paid by the first the same multiple of the taxes paid 
by the second ; the importance of the first must be the same 
multiple of the importance of the second. 

3. I f  a town contain as many houses as are in any number 
of  boroughs, and pay as much in taxes as they all pay, its 
importance will be equal to the united importance of all these 
boroughs. 

W e  are now to determine by the application of these prin- 
ciples the comparative importance of the boroughs, that is, 
speaking mathematically, the ratio which the importance of  
any one borough has to that of any other borough : now this 
will depend on, and must in some way be expressible by the 
ratio of the number of  houses in the one borough to the 
number of houses in the other borough, and the ratio of  the 
sum paid in taxes by the one to the sum paid in taxes by 
the other. 

Let  H denote the number of houses in a town or borough~ 
T the sum it pays in assessed taxes, 
B a numeral measure of its importance. 

Also, let h, t, b, and h r, t I, b r denote the same things of  any 
other two boroughs. The  mathematical problem to be resolved 

b 
is to find a formula which shall express the ratio ~- by tile 

h t 
two ratios ~-, -~. For  the sake of brevity, let us put 

h t h T t~ yr ~-=x, ~ = y ;  -ff=x', y =  

b . 
In the language of analysis~ ~- is a function of  x and 21; and 

bt ~-  the same function of x ~ and ft. W e  are now to inquire, what 

is the form of this function ? 
b b' 

The  dependence of ~- on x and 2Y, and that of B- on x r and 

f f  may be expressed thus : 
b I 

=f(x,v), -B =f(~", V'), 
the 
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the relative Importance o f  a certain Number o f  Boroughs. 221 

the p r e f i x f  being put to denote, generally, a function of the 
quantities x and 9" By our third principle we must have also 

b + b '  
B - { (x + x'), (v + v') }, 

Now b + b' b b' 
B - -  B + i3- = f ( x , V )  + f ( x ' , V ' )  ; 

Therefore, 
f ( x ,  y) + f ( x ' , y ' )  = f { ( x  + x'), (y T y')} (1) 

W e  may consider x and y as two variable quantities which 
are independent of each other, and susceptible of all degrees 
of magnitude by increase or decrease, the symbols x and .d 
denoting succeeding values of one of the variables, and 9~ 9 r 
succeeding ~values of the other. 

Our analytic expression (1) may now be regarded as an 
identical equation which must be satisfied, whatever values be 
given to the quantities x, x', 9, ff  which compose it. 

For  the sake of brevity, let us put 

f { (x T x'), (y T y') } - -  u. 

Equation (1) will now stand thus: 
f ( x , v )  + f ( x f ,  y ') = u. 

Hence, by differentiation, on the hypothesis that x, 9, xt, 91 are 
in succession variable, we get 

d f  (x, y) _ a u a f  (x, y) _ d u 
d x  dx"  dy  d y '  

d f ( £ , y ' )  du  d f ( x , y )  du  
dx'  "~ d-~" . dy '  "=-~yl" 

Now from the peculiar form of the function u, the differen- 
tial coefficient found on the hypothesis that x is variable is 
exactly the same as that tbund on the supposition that ad is 
variable ; that is, 

du  du 
d--x--~" 

For a like reason, 
du du  
d y dy  f" 

Hence it appears that 
d f (x, y) _ d f (x', y') 

d x  d x  t ' 

4 f  (x, y) ' ' _ d f l x ,  y ) 

dy d ~  
If  
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22~, Analytical Investigation o f  a Formula which shall exTress 

I f  x", ffl be other values of the variables expressed generally 
by x and y, we must have, in like manner, 

df(x ' ,  y') _ d (x", y") .  d f (x ' ,  Yt) _ d f ( x" ,  Y").  
dx  r dx 't" ' dy ~ dy" 

and so on. Hence  it foUows that the functions 

d f  (x, y) d f  (x, y) 
d x " dy 

are eonsthnt quantities ; let these he m and n, so that 

d f (x , y )  --  m, d f ( x , y )  - ' n l  
dx dy 

we have now 

df(x,Y)dx dx  + d f ~ ; y )  dy = m d x +  ad'y 

and by integration, 

f (x, y) -- rax + n y, 

b - - m  h t 
or B - - -  H +n-~-: 
The  integral requires no arbitrary constant, because when 
h ~ 0 and t = O, then we must have b = O. 

W e  have now obtained a function which expresses the im- 
portance of  a borough, viz. 

b = B  m - ~  + n ~  . 

W e  have put B for the importance of  a town that contains 
H houses, and pays T pounds in taxes. Le t  us now suppose 
that this town is as large as all the boroughs taken together, 
and that it pays as much in taxes as they all pay; then h, h I, h", 
&e. denoting the houses in the boroughs, and t, t r, t m, &c. the 
sums they pay in taxes, we have 

H =. h + h I +  h",&e. T - ~ - - t + t ' +  t",&e. 

Thus  H and T are known quantities : as to B, it may be ally 
number we please; we shall assume that B = 1000000. 

The re  ate yet two quantities, m and n, but concerning these 
h 

we can pronounce nothing: we may regard the fraction H- as 

the index of that part of the importance of the borough which 
depends on houses, which we shall call its house-importance; 

t 
and the fi'action -~ as the index of its importance resulting 

from the payment of taxes, which will theretbre be its tax- 
importance, these by their union constitute the importance of 

the 
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the relative Importance o f  a certain Number o f  Boroughs. 223 

the borough. I f  the Legislature shall be of opinion that the 
importance of a borough depends more on one of the two 
kinds of importance above defined than on the other, and shall 
declare that an assigned numeral value of tax-importance is 
equal to an unit of house-importance, then m and n will be- 
come known ; at least their ratio, which is all we want. Un-  
til this is done, we may make any supposition we please. Lieu- 
tenant Drummond assumed that an unit of house-importance 
had the same weight as an unit of tax-importance ; on this sup- 
position m and n are equal, and the formula may be expressed 
thus : 

h 

This is just the analytic expression of  his rule. But whatever 
assumption be made, the importance of a borough can be ex- 
pressed correctly in no other way than by the formula 

b = B  m - ~  + n  . 

I t  perhaps may be supposed that so refined an analysis was 
not required to establish so simple a truth. To  this we answer, 
that a truth may be sufficiently obvious, and yet may require 
the most refined mathematical theory to establish it on the 
basis of demonstration. The  calculus of variations is wanted 
to determine by analysis the nature of the shortest line that 
can be drawn between two given points in space ; yet none re- 
quire to be told that a straight line alone can satisfy the pro- 
posed condition. 

The  assertion, that the importance of  a borough can be ex- 
pressed by a mean proportional between the number of houses 
and the amount paid in taxes may be proved to be erroneous by 
a very simple process indeed. Were  it true, then, putting h and 
t for the houses and taxes of one borough, and h ~ and t f for 
those of another, we should have, by our third principle, 

~/{(h-I- h') (t + t')} = ~¢t~'~ + 4/,~7-/7: 

h t tt 
This can only be true when - -  -- - -  that is, when the towns 

h - - t '  
are constituted exactly alike in respect to power to pay taxes. 
In this particular case, either the houses alone or the taxes 
alone would serve to indicate the relative importance of the 
two boroughs. G . V .  

X X l X .  Notices 
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